Abstract. We apply quantum statistics to our quantized versions of Schwarzschild-AdS and Kerr-AdS black holes and also to the quantized globally hyperbolic spacetimes having an asymptotically Euclidean Cauchy hypersurface by first proving, for the temporal Hamiltonian H 0 , that e −βH 0 , β > 0, is of trace class and then, that this result is also valid for the spatial Hamiltonian H 1 , which has the same eigenvalues but with larger multiplicities. Since the lowest eigenvalue is strictly positive the extension of e −βH 1 to the corresponding symmetric Fock space is also of trace class and we are thus able to define a partition function Z, the operator density ρ, the entropy S, and the average energy E. We prove that S and E tend to infinity if the cosmological constant Λ tends to 0 and vanish if |Λ| tends to infinity. We also conjecture that E is the source of the dark matter and that the dark energy density is a multiple of the eigenvalue of ρ with respect to the vacuum vector which is Z −1 .
Introduction
In three recent papers we applied our model of quantum gravity to a globally hyperbolic spacetime with an asymptotically Euclidean Cauchy hypersurface [5] and to a Schwarzschild-AdS [4] resp. Kerr-AdS black hole [6] . In all three cases the quantized model had the same structure, namely, it consisted of special solutions to a wave equation where S 0 is a n-dimensional, n ≥ 3, Cauchy hypersurface of the original spacetime. The Laplacian and the scalar curvature correspond to the metric σ ij in S 0 , cf. [3, Theorem 6 .9], where we derived this wave equation after a canonical quantization process. The special solutions are a sequence of smooth functions which are a product of temporal and spatial eigenfunctions, where the spatial eigenfunctions are eigendistributions.
In case of the globally hyperbolic spacetime with an asymptotically Euclidean Cauchy hypersurface the solutions to the wave equation can be expressed in the form 
We have
In the two remaining cases of the black holes the special solutions are labelled by three indices (1.9) u ijk = w i ζ ijk ϕ j ,
where the w i are the same temporal eigenfunctions as before, the ϕ j are the eigenfunctions of an elliptic operator A on a smooth compact Riemannian manifold (M, σ ij ), where topologically (1.10) M ≃ S n−1 , at least the physically interesting cases, i.e.,
(1.11) Aϕ j =μ j ϕ j , (1.12)μ 0 <μ 1 ≤μ 2 ≤ · · ·
The ϕ j form a mutually orthogonal basis of L 2 (M ). For a Schwarzschild-AdS black hole we know that (1.13)μ 0 ≤ 0, and for a Kerr-AdS black hole this condition can be assured by assuming that the rotational parameter a is small enough such that the scalar curvature of σ ij is positive. Let us emphasize that we considered in [6] Kerr-AdS black holes of odd dimensions (1.14) dim N = 2m + 1, m ≥ 2, and assumed that all rotational parameters a i are equal
The ζ ijk are eigendistributions in S ′ (R) satisfying and then choose ω ij ≥ 0 satisfying (1.20) . Let N i be the set of integers such that theμ j satisfy (1.21), then the smooth functions (1.22) ζ ijk ϕ j are mutually orthogonal in L 2 (M, σ ij )-for fixed i and k; note that we only have two different eigendistributions ζ ijk , if
otherwise we have only one. The eigendistributions ζ ij1 and ζ ij2 are also considered to be " orthogonal" since their Fourier transforms (1.24)ζ ijk = δ ±ωij have disjoint supports. Finally, the smooth functions u ijk in (1.9) can be considered to be mutually orthogonal since u ijk and u i ′ j ′ k ′ are mutually orthogonal in
where
and as tempered distributions otherwise. The u ijk are eigendistributions for both the temporal Hamiltonian H 0 as well as for the spatial Hamiltonian H 1 with the same eigenvalues λ i , where now the eigenvalues have finite multiplicities different from 1 by definition of the eigendistributions and the u ijk also solve the wave equation, since the wave equation can be expressed as
where u = u(t, x) is a smooth function
In Section 3 we shall prove that we can define an abstract Hilbert space H, where the eigendistributions u ijk resp. u ij in (1.3) form a basis of mutually orthogonal unit vectors such that the Hamiltonian H 1 can be defined on the dense subspace, which is the algebraic span of the basis vectors, as an essentially self-adjoint operator. LetH 1 be its unique self-adjoint extension, namely its closure, then we shall prove that for any β > 0
is of trace class in H. In additionH 1 satisfies
be the canonical extension ofH 1 to the symmetric Fock space 
where E is the average energy and β > 0 the inverse temperature
Here is a summary of the results derived in Section 3:
we have
where the limites are uniform in β.
(ii) Let β 0 > 0 be arbitrary, then, for any
as well as
The behaviour of Z with respect to Λ is described in the theorem:
1.2. Theorem. Let β 0 > 0 be arbitrary, then, for any
we have is valid. The convergence in both limites is uniform in β.
1.3.
Remark. The first part of Theorem 1.1 reveals that the energy becomes very large for small values of |Λ|. Since this is the energy obtained by applying quantum statistics to the quantized version of a black hole or of a globally hyperbolic spacetime-assuming its Cauchy hypersurfaces are asymptotically Euclidean-a small negative cosmological constant might be responsible for the dark matter, where we equate the energy of the quantized universe with matter. As source for the dark energy density we consider the eigenvalue of the density operator ρ with respect to the vacuum vector η
i.e., the dark energy density should be proportional to Z −1 .
1.4.
Remark. Let us also mention that we use Planck units in this paper, i.e.,
In Section 4 we also applied quantum statistics to the quantized version of Friedmann universe and proved: 1.5. Theorem. The results in Theorem 3.4, Remark 3.5 and Theorem 3.4 are also valid, if the quantized spacetime N = N n+1 , n ≥ 3, is a Friedmann universe without matter but with a negative cosmological constant Λ and with vanishing spatial curvature. The eigenvalues of the spatial Hamiltonian H 1 all have multiplicity one.
Trace class estimates
We want to apply quantum statistics to the system described by the wave equation and its special solutions. Therefore, we need a separable Hilbert space H and a Hamiltonian H such that
is of trace class in H.
A natural candidate is the temporal Hamiltonian H 0 mentioned in the introduction which corresponds to a generalized eigenvalue problem that has been considered in [5, Section 4] : Define the bilinear forms We then look at the generalized eigenvalue problem
The following theorem was proved in the former paper.
2.1. Theorem. The eigenvalue problem (2.6) has countably many solu-
and
The w i are complete in H 1 as well as in L 2 (R * + ).
The eigenfunctions w i solve the ordinary differential equation (2.10)
and the w i are eigenfunctions ofÃ (2.14)Ãw i = λ i w i .
The equation (2.10) is equivalent to
is essentially self-adjoint as will be proved later, Lemma 3.1 on page 19, in a more general setting. We denote its unique self-adjoint extension by H 0 .
We shall now prove that (2.17) e −βH0 , β > 0, is of trace class in H. First, we need two lemmata:
is Hilbert-Schmidt.
Proof. Maurin was the first to prove that the embedding
cf. [8, Theorem 1, p. 336]. We adapt his proof to the present situation. Let w ∈ H 1 , then, assuming w is real valued,
for all t > 0, where · 1 is the norm in H 1 . To derive the last inequality in (2.23) we used
which is easily be deduced from the equation in (2.23). The estimate
is of course also valid for complex valued functions from which infer that, for any t > 0, the linear form
is continuous, hence it can be expressed as
where (2.28)
Integrating this inequality over R + with respect to dμ we infer (2.32)
completing the proof of the lemma.
2.3.
Lemma. Let w i be the eigenfunctions of H 0 , then there exist positive constants c and p such that
where · 0 is the norm in H 0 .
Proof. We have
Let ǫ > 0 be arbitrary and define
and the conjugate exponent (2.36)
then the integral on the right-hand side of (2.34) can be estimated from above by
We note that by definition
and that in view of (2.24)
Combining (2.34), (2.37) and (2.39) we then infer
and deduce further, by choosing ǫ appropriately, that the result is valid with a different constant c.
We are now ready to prove:
is of trace class in H, i.e.,
Proof. In view of Lemma 2.2 the embedding
be an ONB of eigenfunctions, then
, where
There is also a spatial Hamiltonian H 1 , which, in the case of the black holes considered, is a direct product of a classical harmonic oscillator in R and an elliptic operator A on a compact, smooth Riemannian manifold M = M n−1 , n ≥ 3, with metric σ ij , where A has the form (2.49) Aϕ = −(n − 1)∆ϕ − n 2 Rϕ and the Laplacian is the Laplacian in M and R the scalar curvature of the metric. A is self-adjoint with domain
are the usual Sobolev spaces with norm
A has a pure point spectrum with countable many eigenvaluesμ j with finite multiplicities and mutually orthogonal eigenfunctions ϕ j such that
We want to prove that
is of trace class in L 2 (M ). The proof of this result will follow the previous arguments very closely.
Proof. This result is due to Maurin and its proof is identical with the proof of Lemma 2.2 apart from some obvious modifications.
We also need the lemma:
2.6. Lemma. Let m ∈ N, then there exists c m > 0 such that
and the bilinear form
defines an equivalent scalar product in H 2m,2 (M ), where
and there existsc m such that
The constantc m also depends on A and M . Using this estimate the relation (2.57) can be easily proved by induction. Now, we are ready to prove:
and equip H 2m,2 (M ) with the scalar product (2.58) such that
2m,2 , then theφ j form an ONB in H 2m,2 (M ) and we conclude (2.69)
With the help of the preceding lemma we can now prove that, in case of the black holes, the spatial Hamiltonian H 1 has the property that
is of trace class for all β > 0, where we still have to define an appropriate Hilbert space. We have (2.72)
where we write v as product
where A is the differential operator in (2.49). Let ϕ j be the eigenfunctions of A with eigenvaluesμ j , then, for any eigenvalue λ i we define (2.75)
be the tempered distributions
and (2.81)
where this distinction only occurs for
Letζ ijk be the Fourier transform of ζ ijk , then
such that these tempered distributions are considered to be mutually " orthogonal". The smooth functions (2.84)
Label the eigenvalues of H 1 including their multiplicities and denote them byλ i . Then (2.86)
where (2.87) n(λ i ) = #N i .
2.8.
Lemma. Let β 0 > 0 be arbitrary, then, for any (2.88) 0 < β 0 ≤ β and for any i ∈ N, the estimate
where c(β 0 ) also depends on A but is independent of i ∈ N.
Proof. Each N i is the disjoint union 
where we used (2.69). The estimate for the Hilbert-Schmidt norm of the embedding
depends on A, since we used the equivalent norm given in (2.66), and
2.9. Corollary. The sum on the left-hand side of (2.86) is finite and hence
is of trace class provided we can define a Hilbert space H such that such that the eigendistributions form complete set of eigenvectors in H and H 1 is essentially self-adjoint in H.
Proof. The first claim follows immediately by combining (2.93) and Theorem 2.4. In Lemma 3.1 on page 19 we shall define the Hilbert space H and shall prove that H 1 is essentially self-adjoint in H and that the eigendistributions form a complete set of eigenvectors in H.
The elliptic operator A also depend on Λ, since the underlying Riemannian metric depends on it. The estimates in the preceding lemma remain valid provided |Λ| remains in a compact subset of R, since the operator A is then still uniformly elliptic and smooth. However, when Proof. We follow the proof of Lemma 2.8 but useÃ instead of A to define an equivalent norm in H m,2 (M ),
Then, we infer, cf. (2.93),
Here, we used
Let us now look at Kerr-AdS black holes. In [6, equ. (2.50)] we described the metric σ ij on M = S n−1 (2.109)
Here (2.110) n = 2m, m ≥ 2, and the coordinates µ i , 1 ≤ i ≤ m are subject to the constraint
They are the latitudinal coordinates of S n−1 and the ϕ i , 1 ≤ i ≤ m are the azimuthal coordinates. The metric
is the standard metric of S n−1 . The constant r is the radius of the event horizon, a = 0 the rotational parameter and (2.113) 
whereÃ converges uniformly in C ∞ (M ) to the operatorÃ in (2.99), i.e., for large |Λ|Ã is uniformly elliptic and smooth such that the number of non-positive eigenvalues n 0 (Ã) is bounded from above by the n 0 of the limit operator
since n 0 is upper semi-continuous as it is well-known.
2.11. Lemma. Under the assumptions (2.118) and (2.119) the results of Lemma 2.10 are also valid for the Kerr-AdS black hole, i.e., there exists |Λ 0 | > 0 such that for all Proof. The proof is identical to the proof of Lemma 2.10 by using the fact that the special H m,2 (M ) norm
with different m than used to express the dimension of M , is uniformly equivalent to the standard H m,2 (M ) norm, hence the Hilbert-Schmidt norm of the embedding
is uniformly bounded. We also relied on
Finally, let us derive the last result in this section.
2.12. Lemma. Let λ i be the temporal eigenvalues depending on Λ and let λ i be the corresponding eigenvalues for Moreover, let us denote the corresponding quadratic forms by the same symbols, then we have
To prove (2.131) we introduce a new integration variable τ on the left-hand side 
The partition function
We first define the partition function for the black holes and shall later show that the definitions and results are also applicable in case of the quantized globally hyperbolic spacetimes with a negative cosmological constant and asymptotically Euclidean Cauchy hypersurfaces.
We define the partition function by using the spatial Hamiltonian H 1 of the quantized black holes, Kerr or Schwarzschild, which is now defined in the separable Hilbert space H generated by the eigendistributions
which are smooth functions satisfying the eigenvalue equations
where H 0 is the temporal Hamiltonian. In order to explain how the eigendistributions can generate a Hilbert space let us relabel the eigenfunctions and the eigenvalues by (u i ,λ i ) such that
i.e., the multiplicities of the eigenvalues are now included in the labelling and the ordering is no longer strict
To define the Hilbert space H we simply declare that the eigendistributions are mutually orthogonal unit eigenvectors, hence defining a scalar product in the complex vector space H ′ spanned by these eigenvectors. We define the Hilbert space H to be its completion.
Lemma. The linear operator H 1 with domain H
′ is essentially selfadjoint in H. LetH 1 be its closure, then the only eigenvectors ofH 1 are those of H 1 .
Proof. H 1 is obviously densely defined, symmetric and bounded from below (3.7)
H 1 ≥λ 0 I > 0.
Sinceλ 0 > 0, the eigenvectors also span R(H 1 ), i.e., R(H 1 ) is dense. Let (3.8) w ∈ H be arbitrary, and let (3.9)
be a sequence converging to w, then v i is a Cauchy sequence, because
andH 1 is the unique s.a. extension of H 1 . It remains to prove thatH 1 has no additional eigenvectors. Thus, let u be an eigenvector ofH 1 with eigenvalue λ (3.12)H 1 u = λu, and let
be the eigenspaces of H 1 . Let us first assume that there exists j such that
Without loss of generality we may assume
However, this leads to a contradiction, since then
and hence (3.18) u ∈ H ′⊥ which implies u = 0. Thus, let us assume
but then (3.17) is again valid leading to the known contradiction.
3.2.
Remark. In the following we shall write H 1 instead ofH 1 .
3.3.
Lemma. For any β > 0 the operator
is of trace class in H. Let
be the symmetric Fock space generated by H and let
be the canonical extension of H 1 to F . Then
is also of trace class in F
Proof. The first part of the lemma has already been proved in Corollary 2.9 on page 14. This property can now be rephrased as
The second assertion is well known, since The von Neumann entropy S is then defined by (3.30)
where E is the average energy (3.31) E = tr(Hρ).
E can be expressed in the form
Here, we also set the Boltzmann constant
The parameter β is supposed to be the inverse of the absolute temperature T (3.34)
In view of Lemma 2.12 on page 18 we can write the eigenvalues λ i in the form
n , whereλ i are the eigenvalues corresponding to |Λ| = 1. Hence, Z, S, and E can also be looked at as functions depending on β and Λ, or more conveniently, on (β, τ ), where
since theλ i can also be expressed as
because of the multiplicities ofλ i . Let emphasize that the multiplicities also depend on Λ, hence it is best to simply note that Proof. " (i)" We first observe that
Now, let m ∈ N be arbitrary, then Since Z ≥ 1, the relation (3.42) follows as well.
"
(ii)" We estimate E from above by (3.50)
where we used (3.43) and
Furthermore, we know that It remains to prove that S vanishes in the limit. We have
where we used the inequality
in the last step. Applying then the arguments preceding the inequality (3.54) we conclude (3.58) lim
uniformly in β.
3.5.
Remark. The first part of the preceding theorem reveals that the energy becomes very large for small values of |Λ|. Since this is the energy obtained by applying quantum statistics to the quantized version of a black hole or of a globally hyperbolic spacetime-assuming its Cauchy hypersurfaces are asymptotically Euclidean-a small negative cosmological constant might be responsible for the dark matter, where we equate the energy of the quantized universe with matter. As source for the dark energy density we conjecture that the dark energy density should be proportional to the eigenvalue of the density operator ρ with respect to the vacuum vector η (3.59)
3.6. Theorem. Let β 0 > 0 be arbitrary, then, for any is valid. The convergence in both limites is uniform in β.
Proof. " (3.60)" Let m ∈ N be arbitrary, then
and we infer (3.65) lim
" (3.63)" This limit relation has already been proved in (3.58).
Let us now consider the quantized globally hyperbolic spacetimes with an asymptotically Euclidean Cauchy hypersurface. The eigenspaces
of H 1 are separable but they are in general not finite dimensional as can be seen by the following counterexample (3.67)
λi . As a Hamel basis they generate a vector space the dimension of which is equal to the cardinality of S n−1 . Of course, as a Schauder basis the functions with
λi , where D is countable and dense, generate a dense subspace.
This example indicates that not all eigendistributions of H 1 might be physically relevant. Contrary to the cases of the black holes, where the selection of eigenvectors and eigendistributions was a natural process, only the temporal eigenvectors are naturally selected in the present situation and of course at least one matching spatial eigendistribution to obtain a solution of the wave equation. Hence, we could use H 0 to define the partition function. However, we believe this choice would be too restrictive, and we shall instead stipulate that we only pick at most (3.71) c|λ i | p spatial eigendistributions in E λi , where c and p are arbitrary but fixed constants, i.e., we assume that
With this assumption it becomes evident that the results and conjectures of Theorem 3.4, Remark 3.5 and Theorem 3.6 are also valid in case of globally hyperbolic spacetimes with asymptotically Euclidean hypersurfaces.
The Friedmann universes with negative cosmological constants
In [3, Remark 6 .11] we observed that, if the Cauchy hypersurface S 0 is a space of constant curvature and if the wave equation (1.1) on page 2 is only considered for functions u which do not depend on x, then this equation is identical to the equation obtained by quantizing the Hamilton constraint in a Friedman universe without matter but including a cosmological constant. The equation is then the ODE (4.1) 1 32
where R is the scalar curvature of S 0 . We cannot apply our previous arguments to the solutions of this ODE. However, if we consider instead the more general equation (1.1), where u is also allowed to depend on x, which certainly is more general and accurate, then the previous arguments can be applied if the curvatureκ of S 0 vanishes (4.2)κ = 0.
The scalar curvature, which is equal to (4.3) R = n(n − 1)κ, then vanishes too and (4.4) S 0 = R n .
We are now in the situation which we analyzed at the end of the previous section, where now the spatial Hamiltonian is (4.5)
and some spatial eigendistributions are shown in (3.69) on page 25. However, since we consider the quantized version of a Friedmann universe we shall look for radially symmetric eigendistributions, i.e., we look for smooth functions v = v(x) satisfying is an eigenfunction for the eigenvalue µ 2 . Therefore, let us choose µ = 1. We shall express the solution ϕ with help of a Bessel function J ν . Let ψ be a solution of the Bessel equation This solution also vanishes at infinity, hence it is uniformly bounded and a tempered distribution. A solution of the wave equation (1.1) on page 2, in case of a quantized Friedmann universe, is therefore given by a sequence (4.18)
where w i is a temporal eigenfunction and v i a spatial eigenfunction. The u i are also eigenfunctions for the temporal Hamiltonian as well as for the spatial Hamiltonian. Each eigenvalue has multiplicity one. We have therefore proved:
4.1. Theorem. The results in Theorem 3.4, Remark 3.5 and Theorem 3.4 are also valid, if the quantized spacetime N = N n+1 , n ≥ 3, is a Friedmann universe without matter but with a negative cosmological constant Λ and with vanishing spatial curvature. The eigenvalues of the spatial Hamiltonian H 1 all have multiplicity one.
